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ABSTRACT We use a self-consistent mean-field (SCF) theory to determine the behavior of grafted polyacids. 
In these systems, the charge on a brush segment depends on its local environment and on the pH of the 
solution. The scaling dependence of the brush height on salt concentration d8 is significantly different from 
that for a brush with constant charge density. In the latter case, the thickness is a continuously decreasing 
function of d,, whereas for a brush of weak polyacids the thickness passes through a maximum. The numerical 
SCF results show qualitative agreement with predictions obtained from a simple scaling model based upon 
a block profile with a uniform degree of dissociation. 

I. Introduction 
Over the past few years, the properties of brushes have 

received a great deal of attention (see ref 1 for a review). 
I t  is now well established that the thickness of a brush is 
proportional to the chain length2 and that the segments 
in an uncharged brush experience a potential which is a 
parabolic function of the distance from the surface. In a 
good solvent, where this potential is proportional to the 
volume fraction of brush segments, this leads to a parabolic 
segment density profile,a4 whereas in poorer solvents a 
more condensed volume fraction profile is predicted.5 

Much less work has been done on brushes where the 
polymers carry charges.- In a recent contribution9 the 
structure of a brush in which the segments carry aconstant 
charge was investigated in detail, both in the absence and 
in the presence of salt. When the brush is in equilibrium 
with a salt-free solution, it can be described as an osmotic 
brush (OsB). At higher concentrations of external salt a 
salted brush (SB) may be found, which can be described 
as a neutral brush with a (high) effective excluded-volume 
parameter. In an excess of electrolyte, the charges are 
largely screened and the quasi neutral brush (QNB) regime 
can be found. 

In this paper we extend this treatment to brushes 
carrying weak groups (e.g., carboxylic groups), for which 
the degree of dissociation is a function of the local pH. 
One important consequence is that, a t  low ionic strength, 
the segments in such a brush are much more weakly 
charged than those in a brush with fixed charges. Under 
salt-free conditions most of the segments associate with 
a proton in order to minimize the free energy of the brush 
in the high electrostatic potential generated by the few 
remaining charges. Hence, paradoxically, a brush of a 
weak polyacid becomes a neutral brush in the absence of 
salt. 

We are not aware of any theory that predicts how the 
properties of these brushes depend on the important 
system parameters. In many practical applications, local 
regulation of charges in brushes is important. For example, 
in biological systems, where (charged) brushlike structures 
are frequently found, the local salinity and pH are carefully 
maintained and the extension of the brush might be under 
active control. 

Another example where the subject of this paper is of 
relevance is the stability of core-shell latices. Polyelec- 
trolyte shells are often used to make hydrophobic latices 
water-compatible. The extension of the shell layer can 
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then be controlled by ionic strength and, when the charges 
are weak, by the pH of the solution. Detailed predictions 
of how these parameters determine the brush properties 
are of considerable importance and will help to tune these 
brushes for specific applications. 

We analyze brushes using a numerical self-consistent- 
field (SCF) model. It is derived from the Scheutjens- 
Fleer model,17Js which describes the adsorption of un- 
charged homopolymers. We include electrostatic inter- 
action using the multilayer Stern mode110J2 and employ 
the so-called two-state approach to describe the acid-base 
equilibrium of weakly charged segments. The latter 
approach was originally developed by Bjorling et  al.l3 to 
describe the anomalous phase behavior of poly(ethy1ene 
oxide) molecules in terms of an equilibrium between two 
states that are assumed to have a different solvency. We 
apply the two-state model to segments that may be either 
charged or uncharged in order to model the acid-base 
equilibrium of these segments. The two-state model as 
derived by Bjorling can be simplified considerably, as has 
been shown by Hurter.15 In Appendix A we show this 
approach to be valid if monomers are considered. The 
validity for the monomeric case is also a rigorous proof for 
the polymeric case, since in our SCF model the energetic 
interactions can be separated from the chain statistics. 

We introduce the SCF model in section 11. In section 
I11 we derive the scaling relations for the layer height using 
the (approximate) assumptions of a block profile and 
uniform dissociation for all segments. Subsequently, in 
section IV we compare the results of the two approaches, 
and in section V we provide a summary of the main 
conclusions. 

11. Numerical Model 

In the SCF model we divide the half-space next to a 
surface into parallel layers of thickness d, numbered z = 
1, 2, ..., M where M is sufficiently large. A central 
parameter is the weighting factor GA(z) for a segment A 
in layer z ,  defined as the statistical weight of finding a free 
segment of type A in layer z. If such a segment can be in 
only one state, the weighting factor is given by 

where U A ( Z )  is the potential of mean force, with respect to 
a reference state that we take to be the bulk solution. 
(Obviously, for the present brush system, the concentration 
of A segments in the bulk equals zero. Still, the weighting 
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and A-. Then the ratio GA-(z)/GHA(z) is simply expressed 
as a Boltzmann factor of the local electrostatic potential 
H z ) :  

factor can be defined with respect to the bulk as GA(z)  = 
exp[(uA(z) - u i ) / k T l ,  where u i  is the reference potential 
for A segments. Similarly, ab gives the (virtual) degree of 
dissociation in this reference state.) The end-point 
distributions of the chains can be calculated from GA(z)  
along the lines of the Scheutjens-Fleer theory.1°J7J8 In 
this method all allowed conformations of chain molecules 
are generated in a first-order Markov approximation; direct 
chain backfolding is permitted. Grafted polymers are 
modeled by allowing only those chain conformations that 
have their first segment in layer z = 1 and by fixing the 
total number of polymer units in the system.1g Three 
additional components, water, positively charged ions, and 
negatively charged ions, are allowed in each lattice layer. 
These monomeric components are free to leave the brush 
region. Consequently, for these components the concen- 
tration in the bulk solution is the input parameter. 

The electrostatic potential can be expressed in terms of 
the local concentrations using the multilayer Stern 
model. For details and the numerical procedure for solving 
the equations self-consistently, we refer to the litera- 

In the present paper, instead of having a constant charge 
on the brush segments, we consider the following acid- 
base equilibrium: 

ture.lC-1220 

HA -A- + H+ (2) 

In this equilibrium, HA is an uncharged acidic brush 
segment, A- a negatively charged segment, and H+ a 
proton. This equilibrium is characterized by a constant 
Ka, defined as: 

(3) 

where the square brackets denote a concentration. The 
degree of dissociation a is generally defined as: 

[ A-I 
[A-I + [HA] 

a =  (4) 

In the SCF model, we have to consider this acid-base 
equilibrium in each of the layers z = 1, ..., M ,  as well as 
in the reference state, and find an expression for the 
effective weighting factor GA(z) for A segments that can 
be in two states. According to the two-state model, it is 
given by13J5 (see also Appendix A): 

( 5 )  

GHA(Z) and GA-(z) are the true weighting factors for HA 
and A- segments, respectively. The degree of dissociation 
in the reference state, ab, is an input parameter for the 
theory. We may express it in terms of K,  and [H+l, where 
[H+] (without the argument z )  will henceforth denote the 
bulk concentration of protons: 

G,(z) = abGA-(z) + (1 - ab)GHA(z) 

Note that it is only the ratio K,/ [H+l which is important. 
The dissociation in layer z is defined by eq 4, provided 

[A-I and [HA] are the local concentrations. It may be 
written as16 (see also Appendix A): 

( y ( ~ )  = f f b ~ A . ( ~ ) i ~ A ( ~ )  ( 7 )  

In our calculations we take nonelectrostatic contributions 
(solvency and adsorption energy) to be identical for HA 

G,_(z)/GHA(z) = eY(') (8) 

where y(z) is expressed in units KT per elementary charge 
e to make it dimensionless. For a polyacid brush, this 
electrostatic potential y(z) is negative with respect to the 
bulk solution, and GA-(z) is smaller than GHA(z).  Now we 
can rewrite eq 7 by substitution of eqs 5, 6, and 8 as 

a(z)  = (9) 

which is fully consistent with the local version of eq 6, 
obtained by replacing ab by a(z) and [H+l by [H+(z)] = 
[H+]e-y(z)'. 

111. Scaling-Type Approach 
In a previous contribution? the structure of a poly- 

electrolyte brush in which the segments have a fixed charge 
was analyzed in detail along the lines originally proposed 
by Borisov et al.798 In that work, m is the number of bonds 
between two charges along the chain. The charge density 
Urn can thus be identified as a partial charge per segment. 
We will use the symbol a0 l / m  to denote this constant 
degree of dissociation. We summarize some main conclu- 
sions for a constant-charge brush, concentrating on the 
effects of the salt concentration, expressed as the volume 
fraction & of the cations. Unlike in refs 7 and 9, we use 
the symbol Q for the grafting density (number of chains 
per area d2) ,  which is the inverse of the area per chain. 

When the Debye screening length K - ~  is much smaller 
than the brush thickness H, the mobile counterions of the 
charged groups are trapped within the brush. The ensuing 
osmotic pressure causes the brush to swell. At low &, this 
leads to the OsB regime, in which H is independent of u 
and & and proportional to the chain length N and the 
square root of the charge d e n ~ i t y : ~  

K, + [H+]e-Y"' 

H - NaO1I2 (OsB) (10) 

As 48 increases, salt penetrates into the brush and screens 
the electrostatic interaction. At a certain & there is a 
transition from the OsB to the SB regime. Here the brush 
characteristics are similar to those of neutral brushes with, 
however, a larger excluded-volume parameter ueff. In the 
neutral case the excluded-volume parameter u = (1/2 - x )  
is of order unity. As shown in ref 9, the SB regime may 
be described by 

(11) H - N(uueff)'13 (SB, QNB) 

where 

The value of & at the transition from OsB to SB is found 
by equating the expressions for H given in eqs 10 and 11: 
ao1/2 - (u(ro2/4,)1/3 or @s - aao1/2. 

If & is further increased, ueff decreases. Eventually the 
ratio cq2/& becomes of order unity, so that at = ao2 we 
reach the QNB regime, where ueff = u and eq 11 reduces 
to the well-known expression for a neutral brush; in this 
regime the electrostatic interactions are fully screened by 
the excess of salt. 

Let us now consider what modifications of this picture 
become necessary if (Y is a function of the local pH. We 
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consider the brush as a homogeneous region with degree 
of dissociation a, in equilibrium with a bulk solution where 
the (imaginary) degree of dissociation is ab .  The assump- 
tion that the brush is uniform in polymer density and 
electrostatic potential is a serious one. However, this 
assumption has been used to describe uncharged brushes2 
as well as charged brushes with a constant charge density' 
and seems to predict qualitatively correct behavior for 
these  system^.^^^^^^ 

By comparison with the two-state approximation (eqs 
5, 7, and €9, we may write a as: 

b 
(13) 

where y is now the (z-independent) electrostatic potential 
in the brush with respect to the bulk solution. It may be 
expressed in terms of the ratio between the coun- 
terions inside the brush and those in the bulk solution 
through the simple Boltzmann relation 

a 
f f =  

ab + (1 - ab)e-Y 
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-a- 

e-y = (14) 

In the SB and QNB regimes, y is close to zero and a = ab. 
In these regimes eqs 11 and 12 apply, where ab is 
substituted for ao. The only difference with the constant- 
charge brush is that a and ab are determined by the 
external pH of the solution. 

In contrast to this, there is a major difference between 
brushes with constant and variable change in the OsB 
regime. We may then approximate eq 14 by: 

e-Y N ua112/$, (15) 

where we used the electroneutrality condition (for a block 
profile) $+ = auN1Hand substitutedHIN - a1J2according 
to eq 10. The counterion concentration inside the brush 
is now much higher than that in the bulk solution, which 
goes along with a large negative electrostatic potential. 
This potential drives the acid groups to associate with 
protons, and a decreases. This decrease is expressed 
quantitatively by eq 13. After substitution of eq 15 and 
replacing a b / ( l  - a b )  by KJ[H+I, we find an implicit 
equation for a, which cannot easily be solved analytically: 

An approximation for high y (hence, low 
found by neglecting the term 1 in eq 16, resulting in 

and low a) is 

Equation 17 shows clearly that the degree of dissociation, 
and hence the charge density of the brush, becomes very 
low when the salt concentration is small. In this paper we 
assume that the proton or hydroxide concentration can be 
neglected with respect to &. In reality the lowest level of 
the ionic strength is determined by the pH of the solution. 
The limiting behavior for - 0 does not result from any 
of the approximations we have made so far. It is the 
consequence of the following self-regulating mechanism: 
at  = 0, even a very small charge density in the brush 
generates a high potential and a correspondingly high local 
proton concentration, which opposes further dissociation. 
The result may seem somewhat counterintuitive; however, 
a similar phenomenon is known to take place in biochem- 
istry. A protein solution that derives colloidal stability 

ab 

Q 

0 

a = ab 

QNB 

- b- 

$9? tJ (Q*) l /Z  (ab)2 

48 
Figure 1. Schematic picture of the degree of dissociation a within 
the brush (a) and the brush thickness H (b) as a function of the 
salt concentration #a. In the NB regime a is close to zero; it 
increases in the OsB regime and reaches the constant (bulk) level 
ab in the SB and QNB regimes. In the OsB regime, the 
dependence a(#J is given by eq 16; for low a the approximate 
eq 17 applies. The thickness, plotted as HIN, passes through a 
maximum as a function of the salt concentration. This maximum 
is located at the OsB/SB boundary. 

from (weak) charges on the proteins may flocculate a t  
very low salt concentrations due to the fact that the 
molecules become uncharged and no longer repel one 
another. 

The dependence of a on $8 in the various regimes is 
summarized in Figure la. The QNB/SB and SB/OsB 
transitions are the same as those discussed for the constant- 
charge brush (with a0 replaced by ab). Upon further 
decreasing and thus reducing the screening of charges, 
a new transition takes place from the osmotic brush to a 
neutral brush (NB). (Note that this is only possible if the 
pH in solution allows one to go to such low &.) In this 
regime the electrostatic potential is so high that virtually 
all the groups are in the uncharged HA state, and the 
brush properties are essentially the same as for a fully 
neutral brush. As shown before for a brush with fixed 
charges? the NB/OsB transition occurs a t  a - u2/3 or, 
with eq 17, a t  48 - u2[H+1/K,. 

Figure l b  shows schematically how the brush thickness 
H depends on &. In the NB and QNB regimes, the 
thickness is given by H - N(uu)1/3, where u is of order 
unity in a good solvent. In the OsB regime H - Na1/2, 
where a increases with & because the addition of salt 
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facilitates the dissociation of the acid groups. In the SB 
regime H - N ( U J J ~ ~ ~ ) ' / ~  according to eq 11, where veff - 
l / &  so that the brush thickness decreases with increasing 
salt content, due to the screening of the charged groups. 
Hence, a maximum brush thickness is found at  the 
transition between the OsB and SB regimes, at: 

(by N (T(ab)1'2 (18) 

At this maximum, the thickness equals the thickness of 
an osmotic brush with cy = cyb: 

H"" - N(&'P (19) 

IV. Results 
In this section we present numerical SCF results for the 

brush characteristics, and we compare them with the 
analytical predictions given in the previous section. 

The numerical results were obtained for a hexagonal 
lattice with a lattice spacing d = 0.6 nm, using the two- 
state formalism discussed in the theory section. The 
relative dielectric permittivities were chosen as 80 for the 
solvent and 5 for all other substances. All calculations 
were performed for athermal systems. In the language of 
the Flory-Huggins all x parameters were taken 
to be zero. The value of Ka was fixed at  lo-? M (pKa = 
7 )  in order to be able to vary the salt concentration over 
a wide range; if the PKa had been chosen much lower, e.g., 
pKa = 4, no computations for salt concentrations below 
lo-* M would have been possible. The salt concentration 
& is expressed as a volume fraction; if desired, this value 
may be converted to a molarity by multiplying & by - 
7.7 M. In the present implementation of the lattice model 
all monomers have an equal volume u c e ~  = d3. Conse- 
quently, the molarity of pure water (clusters), pure salt, 
or pure polymer (on amonomer basis) equals 1 @ 3 / ( ~ & V a v )  
= 7.7 M. 

Figure 2a shows volume fraction profiles for a polyacid 
with chain length N = 500 and grafting density = 0.002, 
in equilibrium with a bulk solution at  pH = 8 (equivalent 
to [H+]/Ka = O.l),  a t  three widely different salt concen- 
trations. For these parameters, the NB regime would be 
found below & = 4 X the transition between OsB and 
SB is expected around & = 2 X and the QNB regime 
would be reached only above $s = 0.8. Hence, (ps = 
is in the lower end of the OsB regime, is close to  the 
OsB/SB transition, and lo-' is in the upper end of the SB 
regime. In the latter case, the profile resembles the 
parabolic profile for a neutral brush. Despite the low 
anchoring density, the polymer is already fairly stretch- 
e d  the profile extends over -90 layers, as compared to 
(500)1/2 - 22 for its radius of gyration. A fully screened 
brush would give a thickness of 500(0.001)1/3 = 50 layers, 
so that a t  

the increased 
electrostatic interaction causes a much stronger stretching 
and a much more dilute profile. However, a further 
decrease of r#ts to 10-5 causes the profile to shrink again 
because of a decreasing a. This behavior, although 
unexpected at  first sight, is in full agreement with the 
scaling predictions in section 111. Since 4, = 10-5 is still 
located in the OsB regime, the chains extend further into 
the solution than in the QNB or NB regimes, and the 
profile shape still deviates from a parabola. Nevertheless, 
Figure 2a shows clearly that with decreasing 48 the brush 
characteristics approach those of a neutral brush. 

In Figure 2b we plot the degree of dissociation of brush 
segments as a function of their distance to the surface, for 
the same set of parameters as in Figure 2a. The degree 
of dissociation tends to the bulk value cyb = 0.9 at  large 

= 10-1 the screening is not yet complete. 
A t  a lower salt concentration d8 = 

-a- 
0.02 1 I 

0 100 200 300 
z 

- b- 
1.0 

10-1 

0 100 200 300 
z 

Figure 2. (a) Volume fraction profiles of a terminally anchored 
polyacid at three different salt concentrations (indicated) and 
the degree of dissociation a(z) of brush segments as a function 
of the distance to the surface (b). Parameters: N = 500, pH = 
8, pK, = 7, u = 0.002. 

distances from the surface, irrespective of &. In the salted 
brush (upper curve), virtually all brush segments have the 
maximum degree of dissociation ab, as expected. The 
neutral brush (4, = 1051, on the other hand, consists mainly 
of segments that have a much lower degree of dissociation. 
The curve for b8 = corresponds to the most extended 
brush. In the scaling section we assumed that up to this 
point the segments in the brush remain maximally 
dissociated. The figure shows this to be true to a first 
approximation only. The observed deviation of a from ab 
is expected to lead to a lower value for the maximum 
thickness than predicted by eq 19, as we will show below. 

The next two figures illustrate the behavior of the 
average degree of dissociation in the brush and of the brush 
thickness as a function of the salt concentration 48. These 
figures may be compared with the qualitative picture of 
Figure 1. Since the location of the boundary of a 
continuous brush profile is not unambiguous, we use the 
root-mean-square thickness H,, as a measure of H. It is 
defined as 

(20) 

where 0 = NU = Czd(z) is the grafted amount per surface 
site. Although H,, is expected to be lower than H as used 
in eqs 11 and 19, the trends in H,, and H should be 
comparable. 
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-a- 
1.0 

a 

On the Theory of Grafted Weak Polyacids 3091 

150 4 
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-b- 
4 s  

ad"" I 

0 4  I 
10-5 10-4 10-3 10-2 10-1 

4 s  
Figure 3. Degree of dissociation CY, averaged over all brush 
segments, as a function of salt concentration & at four different 
pH values (a) and the dependence of the root-mean-square layer 
thickness Hm on $e (b). Parameters are the same as in Figure 
2. The dotted curve in a represents the behavior of an equivalent 
conventional (pH-independent) charged brush. 

In Figure 3a, we plot the average degree of dissociation 
a of brush segments as a function of the salt concentration, 
for four pH values. The theoretical prediction (Figure 
la)  shows a more or less constant a = ab in the QNB 
regime at  high &. With decreasing ds we enter the SB 
regime, where a is expected to remain constant down to 
the OsB/SB boundary. This boundary scales as u(ab)1/2, 
according to eq 18. If the numericalprefactors are assumed 
to be around unity, one would expect it to be situated at  

= 6 X lo4 for pH = 6. The SCF calculations show 
indeed that a begins to decrease around this value of 4s; 
the transition is, however, rather broad. The shift of this 
transition as a function of pH is related to the shift of the 
maximum brush thickness (plotted in Figure 3b) and we 
will return to this point below. For verylow &s, a decreases 
to low values, as expected. The NB regime (where a = 0) 
is not reached for the higher pH values in Figure 3a. 
Nevertheless, the general trends of Figure 1 are well 
reproduced. 

for 
four pH values, a t  N = 500 and u = 0.002 as before. All 
the curves show a maximum, as anticipated in Figure lb. 
For comparison, the dotted curve in Figure 3b gives the 
equivalent results for a brush with a constant degree of 
dissociation (ab = 1). 

Figure 3b gives results for H,, as a function of 

0 
10-5 10-4 10-3 10-2 io-' 

Figure 4. Root-mean-square layer thickness as a function of 
salt concentration at pH = 8 for three different anchoring densities 
(indicated). Other parameters are as in Figure 2. 

$5 

The maxima in this figure are predicted to be located 
at  the OsB/SB boundary. We may derive this location 
from the curve for the constant-charge brush (dotted 
curve), for which the OsB/SB boundary can be recognized 
as the salt concentration where the brush thickness 
(constant a t  low &) begins to decrease. In Figure 3b we 
fiid this boundary a t  qis = 5 X lo-", and the brush thickness 
equals Hms = 155 at  this point. 

At pH = 9 the maximum thickness should be found 
around this same salt concentration. This is indeed the 
case. The height of the maximum is only slightly lower 
than the thickness of the constant-charge brush, as 
expected. Thus, the curve at pH = 9 follows the scaling 
prediction for a brush of a weak polyacid. 

Lower pH values lead to lower ab values according to 
eq 6, so we expect the location of the maximum to shift 
to lower $svalues. The height is also expected to decrease. 
Surprisingly, we find that the maxima shift to higher 4, 
values instead. The thickness drops much faster than the 
expected rate. These deviations are caused by a breakdown 
of the assumption a = ab in the SB regime. We elaborate 
on this point below. 

The assumption a = ab is equivalent to omitting the 
factor e-y in a = 1/(1+ [H+]e-Y/Ka); cf. eq 9. We note that 
both when [H+l << Ka and when [H+l >> Ka this becomes 
a good approximation: in the first case we can safely omit 
e-Y even when -y is of order unity; the latter case leads to 
ab = 0 and y is vanishing. When Ka = [H+l, however, even 
a moderate electrostatic potential will cause a < ab. 
Consequently we expect for pH = pKa that a already begins 
to decrease in the SB regime. For example, in the pH = 
8 curve in Figure 3a we indeed find the salt concentration 
where a begins to decrease to be relatively high, clearly 
above the SB/OsB transition. The corresponding maxi- 
mum in Figure 3b follows this shift into the SB regime, 
where its height Hmm is no longer given by the OsB 
expression (eq 10). It is much lower due to the partial 
screening of electrostatic interactions in the SB regime. 

The boundaries NB/OsB a t  low and SB/QNB a t  high 
cannot be read easily from Figure 3b, because the 

transitions are rather gradual. Moreover, it is clear that 
the NB/OsB boundary must be found a t  bS values lower 
than the plotted range. Nevertheless, the tendency of the 
NB/OsB boundary to shift to lower 4s and the SB/QNB 
boundary to higher with increasing ab is fully cor- 
roborated. 

In Figure 4 we consider the effect of the anchoring 
density and plot H,, vs & curves for three values of the 
brush density u. The agreement with Figure l b  as to the 
location of the maximum is perfect: increasing the 
anchoring density by a factor of 5 shifts the maximum to 
a 5 times higher salt concentration but leaves ita height 



3092 Israels et al. Macromolecules, Vol. 27, No. 11, 1994 

- ,/ A ii- I A 
I A A,. ‘ 0  4 b~ 
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fl Ceff 

Figure 5. Root-mean-square layer thickness as a function of 
uveff for systems at three different grafting densities and four 
different pHs, as indicated in the caption. Systems correspond- 
ing to the SB and QNB regimes are indicated by filled symbols 
and those in the NB and OsB regimes by open symbols. In the 
latter two regimes ((b8 > U ( C Y ~ ) ~ / ~ \  a straight line with slope 1/3 is 
expected according to eq 11. 

unaffected. Note that in the OsB side of the curve (low 
&) H a u-1/3 whereas in the SB regime H a 0~13. 

In Figures 3 and 4 we focused our comparison on the 
overall shape of the H vs & curve. Below we consider the 
variation of H as a function of u and pH over a wide range 
of conditions. First, we check eq 11, describing the 
thickness in the combined SB and QNB regimes. Sub- 
sequently we compare the SCF calculations with analytical 
predictions for the OsB regime (eq 17). We do not make 
a comparison in the NB regime, since it would require 
calculations at  extremely low salt concentrations. (At low 
ionic strength, the Debye screening length becomes very 
large so that we are forced to take a huge number of layers 
into account. In this case the convergence of the numerical 
equations is very poor.) 

In Figure 5 we present calculations on the root-mean- 
square thickness of brushes at  salt concentrations ranging 
from & = to 10-1, at three different anchoring densities 
and four different pH values. In the figure we plot the 
thickness as a function of uueff on a double-logarithmic 
scale, where ueff depends on the salt concentration & 
according to eq 12. Different shapes and orientations of 
the symbols refer to different combinations of u and pH, 
as shown in the caption. Filled symbols represent systems 
in the SB or QNB regimes, whereas systems for which & 
< ~ ( a ~ ) l / ~ ,  corresponding to the NB and OsB regimes, are 
indicated by open symbols. 

The filled symbols follow rather closely a straight line 
with slope 1/3 (dashed line) as predicted by eq 11 for the 
SB and QNB regimes. The open symbols, on the other 
hand, are scattered throughout the picture (and some are 
outside the boundaries of the picture). They deviate 
strongly from the linear behavior. 

For a brush in the osmotic regime, we expect the 
thickness to scale as al/z (eq 10). For low values of a, its 
value may be approximated according to eq 17. Conse- 
quently, if we plot H,,, as a function of the right-hand 
side of eq 17 on a log-log plot, we expect a straight line 
with slope l/3 for the data points corresponding to an 
osmotic brush with low a. 

This is verified in Figure 6, where we present the same 
data as in Figure 5,  now as a function of U-~&KJ[H+]. In 
this case the OsB symbols are filled; the open symbols 
represent now the SB/QNB as well as the NB system. A t  
first sight the agreement is less good in this case than in 
Figure 5. Some points indeed follow the predicted straight 
line. However, at high thickness the breakdown of the 
assumption a << 1 causes downward deviations. At  the 
other end of the OsB regime, the onset of nonelectrostatic 
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Figure 6. Root-mean-square layer thickness as a function of 
d+&/[H+] for the same systems as in Figure 5. The filled 
symbols correspond now to the OsB regime and the open ones 
to the other regimes. In the OsB regime (uz[H+l/K, < (b, < 
u(cub)li2) eq 10 predicts a straight line with slope l/3. 

excluded-volume interactions causes a thickness which is 
higher than predicted by eq 10. 

These two figures can be summarized as follows. Using 
the expressions derived in the scaling section, data points 
in a wide range of parameters can be collected ap- 
proximately onto two different master curves, one de- 
scribing the behavior in the OsB regime (eq 10) and the 
other representing the combined SBIQNB behavior (eq 
11). The most noticeable deviations from the master curve 
are a higher than expected thickness around the NB/OsB 
boundary due to nonelectrostatic excluded-volume inter- 
actions and a lower than expected thickness around the 
OsB/SB boundary, primarily due to a breakdown of the 
assumption a(z) = ab in the SB regime (used in Figure 5 )  
and the approximating expression (17) for the OsB regime 
(used in Figure 6). Part of the disagreement is obviously 
due to the approximation of uniform polymer density and 
charge density in the brush. Although we believe this to 
be a secondary effect, it would be interesting to see the 
results of an improved analysis, starting from the parabolic 
potential profile.23 

V. Conclusions 
We examined the thickness of a layer of grafted 

polyacids, i.e., a polyelectrolyte brush where the charge of 
each segment is a function of the local pH, and discussed 
it in terms of the known behavior of a constantly charged 
brush. The main conclusion of this study is that the 
thickness H of such a brush passes through a maximum 
as a function of the salt concentration C#J~, whereas the 
thickness of a “constant-charge” brush is a continuously 
decreasing function of salt concentration. This maximum 
is caused by the fact that at low (where a constant- 
charge brush reaches a plateau in its thickness) the weak 
groups associate with protons in order to minimize their 
electrostatic energy, so that the brush becomes virtually 
uncharged. 

Assuming a block profile for the grafted layer and making 
first-order approximations for the degree of dissociation 
a, we derived analytical expressions for the position (eq 
18), as well as the height (eq 19), of this maximum. The 
dependence H(&J on the right-hand side of the maximum 
was found to be the same as that for a constant-charge 
brush (eq 11). For the left-hand side a new (albeit 
approximate) expression was derived. 

These analytical expressions for the location and height 
of the maximum, as well as the evolution of the thickness 
on either side of it, were checked using a SCF numerical 
model. The predictions on the location of the maximum, 
as well as on the thickness a t  high salt concentrations, 
were qualitatively fully corroborated. However, as the 
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SCF calculations showed, (0ver)simplifying assumptions 
on a around the maximum lead to an overestimation of 
the brush height. Furthermore, the thickness a t  low salt 
concentrations is only rather poorly described by the 
approximate scaling expression, due to the neglect of 
nonelectrostatic excluded-volume interactions. 

Appendix A. Two-State Model for Monomers 
The statistical thermodynamics of chain molecules in 

inhomogeneous systems, wherein the polymer units can 
be in more than one state, was derived by Bjorling et al.13J4 
and simplified considerably by Hurter et al.15 In both 
cases, this so-called two-state model was used to describe 
the behavior of poly(ethy1ene oxide) polymers in water. 
We apply it to the acid-base equilibrium of polyacids. In 
this appendix we present yet another derivation of the 
two-state model. 

We consider the following system: a monomer of type 
A, that can be in either one of two states A1 and A2. For 
this case, eqs 5 and 7 can easily be obtained, as we show 
below. The key point in our derivation is that we view 
this system in two ways. 

We may treat the monomer A as one type of monomer, 
which can be in several states. For monomers, the segment 
weighting factor GA(z) equals the ratio of the concentra- 
tions in layer z and in the bulk: 
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and the degree of dissociation in layer z (defined analo- 
gously to ab) is found as: 

Alternatively, we may consider the states A1 and A2 to 
be individual molecules. Then we define individual 
weighting factors as: 

with j = 1, 2. Inserting eq A2 in eq A1 and introducing 
the degree of dissociation a: in the bulk solution: 

we immediately arrive at: 

It is easy to see that eq A4 is a general form of eq 5 as used 
in the text. Similarly, eq A5 is a generalization of eq 7. 
Both equations are identical to the ones derived by Hurter 
for polymeric systems. 
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